We presented a novel geometric interpretation of the Riemann-Liouville fractional integral. We found that a Riemann-Liouville integral can be thought of as the area obtained by summing together the area of an infinite number of non-rectangular infinitesimals whose shape is determined by the order of integration α and the integration limit t. We also showed that this geometric interpretation offers many pedagogical benefits as it is very similar in nature to the geometric interpretation of the Riemann integral.
fractional calculus. Their work was crucial in defining what is now known as the Riemann-Liouville fractional integral [9] . At this point in time the reader should be made aware of the fact that there exists many other accepted fractional integral definitions in the literature. We, however, deem these definitions to be beyond the scope of the current article and as such we do not discuss them any further in this work. Furthermore, the geometric interpretation we present here is an extension of the geometric interpretation presented by Podlubny [16] . Podlubny showed that a Riemann-Liouville fractional integral can be converted into a Riemann-Stieltjes integral. Furthermore, Grobler showed that a Riemann-Stieltjes integral can be interpreted as the area which is obtained by summing together the area of an infinite number of non-rectangular infinitesimals, i.e. a Riemann-Stieltjes integral can be converted into a Cavalieri integral [1, 8] . Combining these two ideas results in the following geometric interpretation: the Riemann-Liouville fractional integral can be interpreted as the area which is obtained by summing together the area of an infinite number of non-rectangular infinitesimals whose shape is determined by the order of integration α and the integration limit t.
It is important for the reader to realize that we specifically wrote this paper for people with a pedagogical interest, undergraduate students and for the layman who finds integration theory intriguing and as such we will try to steer clear from using too many mathematical definitions and proofs. We will rather convey our ideas using as many examples as possible. From the three groups mentioned we believe that the undergraduate student will find this article most useful. Although undergraduate students tend to have a limited understanding of fractional calculus they generally are quite interested in the subject. This is evident from perusing mathematical social media platforms and from surveying articles published in undergraduate journals [14] . Undergraduates struggle to grasp fractional calculus, because it is very abstract. We believe that the geometric interpretation we present in this paper, as it is similar in nature to the definition of classical integration, will provide undergraduates with the insight that they need to quickly grasp and understand the fundamental concepts that underpin fractional calculus.
We start the paper by reviewing the definition of the Riemann-Stieltjes integral, the Cavalieri integral and the Euler function. We then present the definition of the Riemann-Liouville fractional integral and we end the paper by presenting our novel geometric interpretation, some examples and a conclusion.
Riemann-Stieltjes Integral
Recall that the Riemann-Stieltjes integral is defined as follows [3] :
with (x 2 i ) n i=0 being arbitrary partition points on the x-axis. The function g is known as the integrator and if it is monotone increasing then it maps points in the interval [a , b, ] to the interval [a, b] , with a = g(a ) and b = g(b ). The integral in Eq. (1) is hard to evaluate in its present form. If g is differentiable, however, then it becomes trivial to evaluate a Riemann-Stieltjes integral due to the following identity:
As an example:
Cavalieri Integral
In this section we define the Cavalieri integral [1] . Let the region R be bounded by the x-axis and the lines f (x) = x, a(y) = 1 − y and b(y) = 4 − y. This region is shown in Fig. 1 . The area of R can be determined as follows if we employ the classical notion of integration:
There, however, exists a more straightforward way do determine the area of R, i.e. we can sum together the area of non-rectangular integration strips inscribing R instead of having to sum together the area of multiple rectangular integration strips. Moreover, the shape of the non-rectangular integration strips we should use is determined by the function a(y). We can express this notion more formally as follows, let (x 
The partition points (
are depicted in Fig. 1 . Note that Eq. (5) approximates the area of R. In the limit Eq. (5) approaches the Cavalieri integral:
It is, however, quite hard to evaluate the above integral directly. Fortunately, it is easy to convert a Cavalieri integral into an equivalent Riemann or RiemannStieltjes integral by using the transformation functions h and g. Expressed mathematically:
We can calculate g as follows:
Moreover, h = g −1 . We can now evaluate the Cavalieri integral by using its equivalent Riemann or Rieman-Stieltjes integral. If we use its Riemann equivalent we obtain:
If we use its Riemann-Stieltjes equivalent we obtain:
Conversely, if g is known (and not a(y)) and g(a ) = a then we can calculate a(y) using the following [8] :
Eq. (11) allows us to transform a Riemann-Stieltjes integral into an equivalent Cavalieri integral. Furthermore, this transformation enables us to assign a geometric interpretation to a Riemann-Stieltjes integral. The interpretation being: it represents the area obtained by summing together the area of an infinite number of non-rectangular infinitesimals; all of them being translations of a(y).
Gamma Function
The gamma function was first devised by Euler [6] . The gamma function is defined for all real numbers except for the negative integers. Moreover, it is a natural extension of the factorial function to the real numbers. The Gamma function is defined as:
The function Γ(x) is depicted in Fig. 2 for x ∈ (−5, 5). 
Riemann-Liouville Fractional Integral
In this section we present the definition of the Riemann-Liouville fractional integral of order α [9] . Let
If we apply the above operator in a repetitive manner to f we obtain the nth antiderivative of f based at 0:
Applying Cauchy's formula for repetitive integration to the above nth antiderivative of f helps us express the above nth antiderivative as a single integral. Applying Cauchy's formula to Eq. (14) results in:
As an example if f (τ ) = τ and n = 2 then Eq. (15) reduces to:
The definition in Eq. (15) can now be extended to an arbitrary fractional order by replacing (n − 1)! with the Gamma function (see Fig. 2 ):
Eq. (17) is known as the Riemann-Liouville fractional integral of order α. As an example if f (τ ) = τ and α = 1 2 then Eq. (17) reduces to:
Furthermore, it is straightforward to show that the I operator satisfies:
Geometric Interpretation of the Riemann-Liouville Fractional Integral
In this section we present a novel geometric interpretation of the RiemannLiouville fractional integral. Recall that the Riemann-Liouville fractional integral of order α is defined as:
Podlubny showed that the above fractional integral can be rewritten as a RiemannStieltjes integral [16] :
with
Note that g α t (τ ) is always invertible, since
Let A = {0, 0.2, 0.4, 0.6, 0.8, 1}. The analytic expressions of g α 10 (τ ) and h α 10 (τ ) are presented in Table 1 for α ∈ A. The expressions in Table 1 The curves associated with g are plotted using solid lines, while the curves plotted with dashed lines are associated with h. The lighter the shade with which a curve is depicted, the larger the α-value is that is associated with it.
Furthermore, Grobler showed that it is trivial to convert a Riemann-Stieltjes integral into a Cavalieri integral [1, 8] (see Fig. 1 and the Cavalieri section of this paper if more details are required). If we apply Grobler's conversion method to Eq. (21) we obtain:
Eq. (25) We can now assign a geometric interpretation to Eq. (24), since it is a Cavalieri integral (see Fig. 1 and the Cavalieri section of this paper). The fractional integral in Eq. (20) can, therefore, be interpreted as the area obtained by summing together the area of an infinite number of infinitesimally small non-rectangular integration strips whose shape is determined by α and t. If α is equal to one, however, then the integral reduces to a normal Riemann integral as the integration strips become rectangular for this particular choice of α (its shape becomes independent of t).
Interestingly, Eq. (7) implies that we can use h α t (τ ) to convert Eq. (24) into the following Riemann integral:
We can, therefore, evaluate Eq. (24) in one of two ways: we can either evaluate Eq. (21) or we can evaluate Eq. (26).
Examples
In this section we will illustrate the usefulness of the non-static non-rectangular sum-based geometric interpretation we presented in the previous section at the hand of two examples.
Let us first consider the following fractional integral:
The function f (τ ) = τ is depicted in Fig. 4 . As we mentioned in the previous section, we can assign a geometric interpretation to the above fractional integral by converting it into a Cavalieri integral using two steps. First, we convert the above integral into a Riemann-Stieltjes integral:
We then convert the resulting Riemann-Stieltjes integral into a Cavalieri integral: Since Eq. (29), is a Cavalieri integral it has a known geometric interpretation (see Fig. 1 ). It can be interpreted as the area obtained by summing together the areas of an infinite number of infinitesimals whose shape is determined by α and t, i.e. these infinitesimals have to be translations of b α t (y). The geometric interpretation of Eq. (27) is, therefore, non-static as it depends on the value of α and t. There is one thing, however, which remains unclear: in what way do α and t affect the shape of the aforementioned infinitesimals, i.e. how does the value of α and t affect the shape of b α t (y). We will answer this question by working through a detailed example.
If we set the value of α to 4 /5 and the value of t to 10 in Eq. (29) we obtain: Fig. 4 . The regions that are depicted in each of the panels of Fig. 4 were generated by varying t, whilst keeping the value of α fixed. The title of each panel indicates which α-value was used to generate the regions depicted in each panel. The only difference between the regions located in each panel is their right edges. The right edges of the regions in each panel are depicted using varying shades of gray. The lighter the shade with which an edge is depicted, the larger the t-value is that is associated with it.
As was the case for Eq. (30) and R 4 /5 10 , Eq. (29) implies that we can assume that each of the regions depicted in Fig. 4 are made up of an infinite number of infinitesimals. The infinitesimals that make up a specific region are translations of that region's right edge. The following observations can be made by inspecting Fig. 4 :
Effect of α the gray-tinted solid curves depicted in the different panels of Fig. 4 are not equal to one another, i.e. B α1
T . Effect of t the gray-tinted solid curves depicted in each of the panels of Fig. 4 are not translations of one another. Moreover, the dashed gray curves and the solid gray-tinted curves in the right-most panel are not equal to one another, i.e. B that make up the regions depicted in Fig. 4 is larger than the effect that t has on their shape. The curves associated with the infinitesimals obtained by varying t, whilst keeping the value of α fixed are very similar in nature and there exists a high degree of correlation between them (if their sizes are ignored). The curves associated with the infinitesimals obtained by varying α, whilst keeping the value of t fixed are quite different from one another (the aforementioned curves are not highly correlated with one another). If we evaluate the integral in Eq. (29) for all α ∈ A (using either Eq. (21) or Eq. (26)) we obtain the curves in the left-most column of Table 2 . These curves are depicted in Fig. 5 . The area of the regions depicted in Fig. 4 are also plotted in Fig. 5 using circular markers. As expected, the circular markers in Fig. 5 that correspond to the areas of the regions in Fig. 5 associated with a particular choice of α (i.e. regions depicted in a particular panel of Fig. 4 ) fall on the curve in Fig. 5 ; associated with the same choice of α. Moreover, note that we have adopted the same coloring scheme in Fig. 4 and Fig. 5 . Using the same coloring scheme in both figures makes it clear which of the area values in Fig. 5 can be associated with which regions in Fig. 4. To summarize, Fig. 4 , therefore, depicts a non-static non-rectangular sum-based geometric interpretation of Eq. (29). Moreover, Fig. 5 corroborates this geometric interpretation.
Let us now consider a different fractional integral:
The non-static non-rectangular sum-based geometric interpretation associated with Eq. (29) is depicted in Fig. 6 . If we evaluate the integral in Eq. (29) for all α ∈ A we obtain the curves in the right-most column of Table 2 . These curves are depicted in Fig 7. The validity of the non-static non-rectangular sum-based geometric interpretation depicted in Fig. 6 is corroborated by Fig. 7 . 
